
o~ c = — ~~
- <v ’ 3 > (2J4 )

while

I — = — 
~~~ <a—> — ~ ~~~<(~~~~~~~~~ ) >  ( 2 5 )

~ It bi some m a n i p u l a t i o n , t he  c losure  c o e f f i c i e n t- s A and 0 *

ca n be expressed  as fo l lows

* - ~ v<v ’3 > < (av ’/ay )2>
0 — — 

~~~2 
-, (26)

<v ’~~> a<v ’~ >/ay

— 
io 2< 1~- .~~~~~~~ -> — ~ 

(
~~~.~~I

) 

2

— 

~ <v ’2’~I~~u/~ yI 
( 27 )

P - i u a t  ion (27) I s  the desired relation which can be used along

wi th Equations (13) and (l~4) to define initial conditions for a

turbulence—model computation. Potentially, Equation (26) pro-

vides a further check on the validity of the closure approxima-

tions. However , as will be shown below , Equation (26) pre-

dIct s o* = 0 as a consequence of the assumed l i nea r i t y  of the
solution.

In ~he linear—stability solution , the velocity and pressure

fluotciations v ’ and p ’ are written as

v ’(x,y,z,t) = U~~4(y)exp[i (ax + — ~t )J  ( 2 8 )

p ’ (x ,y , :,t )  = pU~~i(y)exp[i(&x + ~z — 
~~~
t )]  ( 29)

18 
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where t denotes time , U~ is freestream velocity, ~ and ~
are wave numbers , ~ is frequency, and the functions ~(y)

and ~ ( y )  are the  complex  ampl i t ude  f u n c t i o n s  of the  d i s t u r b —
an c t  f l o w  vari ab l e s  v ’ and p ’ .

• To eva lua te  the  t ime—averaged  quan t i t i e s  appear ing in Equa t ions
(13), (iLl), (26) and (27) we use the following definition :

t+T

= ~~~~ ~~~~~~~~~~~~~~~~~~~ (30)

An immediate consequence of the assumed linearity of the

solut~~on is that correlations of odd order vanish , e.g.,

* <v ’> = <v ’~~> <v ’5> = . . .  = 0 (31)
V

Thus , as noted above , Equation (26) implies that o* = 0.

Although 0 * is postulated to be 1/2 by Wilcox and Traci , this

discrepancy is of little consequence as the diffusion terms

• in the e equation play an insignificant role in transitional

flows.

Working with the real parts of the linear—stability solution
• functions , performing all time—averages indicated in Equations

(13), (iLl ) and (27), and denoting local Reynolds number by R

yields the following:

e/U~ 
9 (~~2~~~~~ 2 ) (~~2)

I __ 3 
1
~ r

//(1
~
/ + (d~~. / d v ) 2

- 2 2U ’ (
~ +~~~~.

•t

I 1’ 1

I
I 

.



A = - .1. (1 
h f  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (~ Ll )
(
~~. + ~

‘
1 )IaU/a y I

y is 110W (t i meils  b r u ce- s d l e t  once r i - em  tti (’ surface , II = t i / I l .

a nd : ; t i h s e t - i p t : ;  r cni d I d e not e r ea l  c l i i  im a g i n a r y  j cit’ t . I - q i i at  1 o t t ;

— ( ~JI ) ar e  t h -  he: ;  I i’e l r e l at  io n s  w h i c h  c c i i i  t o ’  u n o t t o  i t t - l i ne

I n  I t  in I eond It . ion :; t ’er a t u r b u l  once—mod el (tompilt at . Ion In tt ’r tn s

of  ci t :  y en  I I i i t ’a t ’ —st . nh  1 .1 it V :0) h i t .  ion .

‘VAI l ) AT T ON O h’  TlIl- ‘I.0~ hiHE C0i ’ I”Fi C I EN T A

h a y  i n ~ h’rlvt ’J V 1 i i ; i t  I on s  ( ~~~)~~ ( ~ 4 ) above , t h e  next d . c )  s o ~‘e t ’ —

C ‘rm ci I l i i ’  a c—st oh 11 I t.y - o m p u t a t .  I c i i  and  1 o e x a m  I n c  I l ie i’ ceu  it ci t i t

pi’ot’ I 1 ’ : ; , t c i r t .  I c i i i c i t ’ I y  I he .\ pro I’I ii ’ . The mos t  eons  ¶ h i ’ ’ st art ¶

t I n ’ :~ I e l o g i n  w i t  hi  t l i e  h l a c c  lu s  b o u n d a ry  h s i y v i ’ . A l ate ’ ’ t c i l t a t ’r

of  c i c i t  I I v e “npul at ‘us have been p erfumed w i t  h t I n ’  y c i c  k17

s ’ c i i  1! ‘ 1 v t ’ ’g r c i n i ; al l c’oniputat tent ; have  be en  done  w t t h I he °i c i t

ccci- , I I c ’~ c i t  i n  I hi ’ory op t  ton. P ot - h i  1-icyno 10; n u m b e r  and t’l’ t ’ l c l . ’t ccy

h~~v0 h i t  v c i i ’ I - 1  i i i  i ’ i - d e i ’  i .e  de l  e r m i n e  t h e  v a i ’ I a t  b o i l  o f  \ i h c i ’ c i g : ; —

I ’  H y r i o l d s — i i ; i m l u ’ i ’ / t ’re p i e t i c y  p l an e .

I or ’  I x con In I rug i c c u  I t  5 of’ 1. bit ’ e cmi i i i  c i t  I 01 i t;  , I I - 1 s Ins t t a c t I v

‘ i - c ’ 11 h i : i t  I lie ba:; be prom i so 01 ’ (‘coinIng a syiii hes Is 0!  l I n t -at ’

:1 — i ! I I I t y c i  nd i.ui’hu I once—moW-i met h od s is t hat t We ( ‘Ou t t . I O n I S  i t ’

. cc ~ t I s l ’ t o j  . ‘flit I ’ I i ’ e t  c o n u d  11 ion is t h a t . - t h e  c lo su r e  cet f i I -  I
\ I ’  e I I h~ i i ’e c i t  I ~r e Si y woo k f o t i e  t. I on o 1’ II st nec I h t ’ o t i 1 ’ 1 I he

- n ‘ i i d c i  ‘y I c i v  t ’  u ’ , at I ‘c i  et  , cu ; s u lne ci h u l l  or Vc i r t a t  I en C ‘t’ ci 1 1

1 1 1 1 :0 c i i  h e  i t a ’ l t u ’n e  It’ s; l , hi Is (‘(‘11 (111 i on val i d a l  c’s I l i e  ei . i i i ’ c ’ c i i —

p t ’ ’ N I m c i i  Ion .1 C I nod I n 1-~qwi I Ion (2’.) . I t t  . s - c o  n b  a ’t i ’ I  I i  I ot 1 s
t.hi c it. \ v i i  sl owly w I t  h i Et’ynolds n i i n i h c - r ;  t h i s  .‘ ‘ndii I n  I ; ;  

~~~~ 1—

oh ( c i  1 o v :i I I I c i t  o - i i  i c i  I I eu ( . °‘ c ii i  ft I e - 1  1 m i t  in  I c ’  so c c l  - t

~~~t i ;  I t  I v I t  v I o l i i i  I t a  1 t ’on d I I. I o i l s  . Not, c ci I so 1 - l i n t  we h . o j - 1 o

t’ I nd t b i t ’ : c  v e u ’ c l c ’:’ ’ va I i ’  c i ’ I o 1.. r on  so u i : ih  I y c 1 c:; ; I o I I , ’ poo l  a 1 i ’  —

“ I i l l  : 1 :;  l i i : ;  v c i  Iii. ’, v I: ; , \ = I ‘ I

-~~~~~~ ~~~~~~~~~~~~~~~~~~ — ~~ - —~~~~~- ‘~~~~~~~~-—~~~~~~~~ - -~~~ ‘ —~~~~~~~~~
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F igu re Ll shows comput e d  A p r -c f i le s  at . n in e  1 ’  y no Ide tt~ iii l -
‘ ‘ i ’ ;~ c o t ’ —

r e spon d ing  to  o n e :;t ab le  case  , or e ’  n e u t r a l l y  st ab le  case  , c i t  .1

se v e n  unstable cases corresponding to amp i I Fl c a t  Ion  Cr’ ’:: ho

n eu t r a l  cast ’ by f a c t o r s  of 0
n w ith val ues of !‘:tnglng Ct’:rc. 0

t o  10; I ’or i l l  n i ne cases t h e  t ’r a ’qu e n c y  Is  g i ve n  b y

Fr ’ = ~ v/ U 2 
= $ l 0 ~~ 

( _
~~

‘ ,)

W -  are t bus f o l l o win g  t h e  e v olu t i o n  of for  ft c o n s ta nt  — Cn ’e i

disturbance initiated at a Reynolds number’ u p st r e a m  of t . h i t ’  r o u t  t ’c l t
point: corresponding to the  frequency gIven in Equatlcu (35~~

,

As shown , although A varies rapidly with y near the s u r f a c e , a l l
t i m  c it - yes display approximately t he  same variation. However ,

above a v lau o  of n = y /(T~/ux  of about  2 , t h e  v a r i o u s  A p r o f i l e s

Va cv r a p i d l y  w i t h  r i and  do so in d is si m i l a r  mann -i’ f o r  ampl  I C i  e n —
t i i i  r a t i o s  up t o  e 4 ’  5b~ For example , at t h e  l owes t  R e y n o l ds
n u m b e r ’  ( fo r ’  w h i c h  tb .  so l u t ion is s t a b l e) ,  A Is  n e g a t i v e  above

2.  As we move to  t h e  n e u t r a l  po in t  we f in d  t hat  .\ van i she s

for ’  v a lu e s  of n i n  excess  of’ 2 . 5 .  Then as R e y n o l d s  number  i n —
c t - c - t e e s , A v a r i e s  more and more r a p i d l y  w i t h  ri and a s ym pt o l . es
t o  a s L u g i c  cu rve  for  a m p l i f ic a t i o n  r a t i o s  in exces s  of b e t  w e e t :
o - and e

F ” i C -cu ’ : 5 shows similar curve :;  2or a dim e n s i o n le s s  C r e c u o i i c v  Fr

v ’  - i i  b y

Fr = 3’ l0~~ ( t  ~

Ag o in , t u c  curve s  c o l l a pse  to a si ngl e  curve  for  a m pl i f i  cat  i o n

r ot  I os In  excess  of e

- m i t t  ci t. i on s c av e  been i . ’r ’ t H r t n . ’d C o t ’  t’r t ’q u t t n c  I c ’s c o ve r  ni ” H .’
ou t i ’ ’  st .- i b i l i t  y d i n g I ’ : i m .  For each f i ’e~i i i e n cy  c c ’n e l der ,i , t i . :

c o r n i u t  .d  A p r o f i  I t s  a l w a ys  a sy m p t o t e  to  a u n i v er s a l  p i ’ ..; C c  le

C - O i l  t t ie p ‘i n t  W I  t h  ci eu h t  le q 1101 I I I  cal l o u .  Th ci  i I :~ , P c —

‘ -1-1 ’ i r e  o l i g a t e t , ci : ; R e y n o l d s  n u m b e r  ln c t n ’ c i s e s  , t h e  n i b ’ ’ 0

1 i’c c h of  t l i e  st  c i t  I l l  t y d I c t g l ’ c c in event  ua 1.1 y I :; ro c i  c l i  at a i t  I we

I
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again enter a stable region . As we approach this upper’ neutral

point , t h e  A profiles begin t o f a l l  back  to those  t y p i c a l  of

low R e y n o l ds  n u m b e r s .

The rap id  v a r i a t i o n  of A near  ~=0 results from a breakdown lii

• t h e  Cci: ; e e I osilre approximat ions near the su i ’t ’ace  . That is

t h e  p r o d r i c  t ton  te rm I ri I -he  <v 2
> e qu a t  ion , <— ~~~~~~ ) , goes to

ze ro  q u a d r a t i c a l l y  w i t h  d i s t ance  from t h e  s u r f a c e  so tha t , In

terms of n ,

<— -— ~~~~~—> .
~ as ri+0 (37 )

By contrast , the modeled production term f’or Re,
~
-
~
0 behaves as

- -  
~~~~~~ A ~~~~~~ e A ~~ as ri÷0 ( 3 8 ’)

: ‘on s e q u e n tiy ,  c l ose  to tite surface we ultimately have

A fl 2 as t1 - * O ( ~u )

‘b I t  I : ;  model  l u g  sh o t - i .  corn ing  I of li t t i e  co t i s eq  uence  ci s l i e s  I pa t  I en

~~~~~ , 1, c p roduc t  1011 n e a t ’  i i = O .  C o n s e q u e n t l y , f or  t l ie 1” .’tcccl  In L i e r  of

i r c  I e l i e  cu e s  ion our t’t -a ’ue wf l  1 be upon t h e  reg I on b e t  we ’~ t ’  i~~~ 1

and t h e  outer edge of’ the boundary layer , r~~5.

F l g u i - e  7 shows comput ed A profiles for severa l  fr e~1u cn L ’ l ee  a t i - .i

amp I i  C I ca t - I on r a t  ion - i\s shown , all of t he comput  oh .\ p t - o f  l ’ s
c I l o t  OP a b o u t  t h e  approximate profile d e f i n e d  by

= - 0 0°  ~ + . OOlSexp [_ ~-~~~n — l ’) ]  ( .~0

h I e r :co , ‘n . ’ of t lie l~~ :; ic r. ’qu I r e m en t - s  i ’cr ee l  at’ te l ’, n.-’ u c - I ’  c - ’—

‘a o l e  i , ’l. I t i e c i  t - — e t . c r t i l i t y  s y nt  I t o s  i s  : l p p t -  c u 1 ’ : ~ i . e be c d t  1 ;  I ’t  oh • v

ho A pr ‘ I  le appear:; to appr’oach a u n i v er s a l  i~ 1 . ‘ . ,
. r c ’ :‘ r ’ c~ i u - i i t -y ’) l i m I t i ng  p i - o f i l e  as amp l I t ’ i c c i t  I e t c  i ’ c t t .  h e  c n

1
25
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To d o t  e rm in e  the r at e  of approach to t h e  c i sym pt o t  Ic p r o f i l e
I t  c o t t v en i en t .  t o  e x am in e  thu average  v a l ue  C A de CI nod a ,~
t’ti I lows.

5

A dn

• 1-’ i g u r ’ ;’ 8 shows  \ as a functIon of displacemen t ttiicknes :;

Reynolds number , Re~ *; n o t e  t h a t  Re~~* den ot  on the n e u t r a l —
• st a b  11 Ity value of Re ó* for a given  ~ req u ec lc~; - As s h o w n , “or’
- t he h igh er  fx ’equen c  ice A appr oaches  i ts  a sy inp t et is v a l  no m e e t

—~~~
- r a p i d l y . For Fr ’ = 0 . 5 1 0  - , the lowest f r e q ue nc y  at which

c omput at ions have been done , the approach to the asymptotic
- v a l u e  i s  t h c ’  l e a s t  r a p i d . A key f e a t u r e  of a l l  t h e  c ur v e s  is

that theit ’ ci ;yinrtot Ic values lie between ~ = .066 and \ = .38 3,
- n o  c . nrair a ’i to the p ost  ulat,ed turbulence—model value of - oq i  .

i d  i ’  e x a m i n a t i o n  oh ’ t h e  A v a r i a t  io n  w i t  ii R e y n o l ds  nun ihe t ’  sh o w s

1’ r I’ t i 1~~’ h i  g lu t ’ f i o ’ l u e t i c  I en , the peak vci i ue Is a c h i e v e d  at.

i i  f l o a t  Ion  x ’at I e of a b o u t .  while , t’or the l o w est  ‘cc—

, A is about h a l f  I t  a sympto t .  ic value at this i-at to .

, t r i c - e  9 pres.’ti t . s the var I cit I on of A w i t h  f r e q u en c y  f o r -  amp l I t ’i  —

eat ion c-at o t ’
14 , in c l u d i ng  a corx ’elat  ton o~’ tit e computed v a lu e s ;

the coi’ r-elat b i t  Is:

= 1 - e xp  [- ;
~~ ( l O 14

Fr)]}

- 

‘i t i , ’ a c y m p t o t  ic val  u e c  of  A are a loe  shown  for  r e f .- ’r - o i t c c ’ .

~ oy ~
‘ one b c ;  l o i i ~ can be h i - a w n  f rom t h e  ob se rved  vat ’  i ci t  I cii .‘ C

P 1 - c t , b ey o n d  an a n i p l i f l c a t  tor i r a t io of ~~~~~ A v a rI e s  s i - - u l y  w~ r

1; .;ue I d e  t i ’ i n c b e t ’ . Sec~~trd , i n  only weakly fx’eqitoncy hop ’tti. ’’d
Cot ’ t’reiuc- n c os in excess of Fr = 1 .0-  lO~~ - T hes e  t w -  no .

lend :‘ c i ’ t h e i ’  c redei -ioe  to ’ the second of t h e  t w o  i - a s i c  ! cv I ’ e t  I t ’ s , ,

w i d er ’  ly  h i t  ci sy n t h e s  is of’ turbulence—mo del and I tta’ cii’ — : ’-t . al I it

t h e o r i es

I I

1
1

L ~~~~~
. 

-  
-
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F ” su lt s  p r e sen t ed  in  Sec t ion  2 . 3  show tha t  for  the  Blas ius
boundary layer the  c losu re  coefficient A approaches a universal

limit ing form for amplification ratio in excess of about e14

while , for’ smaller a m p l i f i c a t i o n  ra t ion , A appears to he strong-

ly f requency  dependen t .  This  observat ion  is cons i s t en t  w i t h  t h €

no t ion  t h a t  a un i fo rmly  valid theory can be developed by us ing
linear stability theory up to the e14 amplification point and by
t h e n  u sing  the turbulence—model equations from this point up to

transition . On the eri e han d , using stability theory up to am—

ptlf ’ication ratios ot ’ e~ is quite reasonable as nonlinear’ terms

almost certainly are negligible In this regime . On the other

rand , the weak dependence of A on frequency for a m p l i f i c a t i o n
ratio greater than e14 and the universal limiting form are con-
sistent with the overall  no t i o n  of us ing long—term averaging .
Thus , for the Blasius boundary layer , we have a suitable de-

finition for the post—critical stages of transition , viz , the

stages beyond the point at which a boundary—layer disturbance

has been amplified to e 14 times Its initial value ,

Tn summary , altho i .igh  r e su l t s  presented represent only a f i r s t
c u t  at accomplishing a synthesis of turbulence—model and linear—

s t a n i l it y  theor ies , encouraging progress has been made.  Fur ther
r on e a r ch  In two spec i f i c  areas is needed to complete the synthesis.
Tb. ’ f I r s t area needing  f u r t h e r  inves t iga t ion  is eva lua t ion  of A
f . ’~i- hou ~Jai ’y layers  w i t h  pressure  gradient , s u c t i o n  arid s u r f a c e
n ’-- a ’ ‘ac:st ’er. In so do ing ,  we can de termine  whe the r  a p r o f i l e
e t c h  a~ t h a t  d e f ined  in Equa t ion  ( 140)  applies to all boundary

l - t .v-~r’s ~~ if straightforward generalizations can be made to de-

viso ’ a universally applicable A p r o f i l e .  The second area to  use

of I - q u a t  ion ( 140 )  in a t u r b u l e n c e — m o d e l  c o m p u t a t i o n  to  d e t e r m i n e

solution sensitivity to (a) the point of initiation (e.g., e 14

r r t p l l f i o a t . I o n  p o i n t )  and ( b )  freestream turbulence, 

- -.



- “ “~~ ~~~~ n— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

H e s u l t  5 of t h i s  study suggest that when this research has been
done our ultimate goal of establishing a physically sound

alternative to the empirical Smith—van Ingen e9 procedure can
lu-  rea l  I zed

4

1
I
I
I
I
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